MATH 725, FALL 2012, HOMEWORK 4-5
DUE FRIDAY 02 NOVEMBER

Let R be a commutative ring with identity, and let M be an R-module.

Exercise 1. Assume that R is noetherian and M is artinian. Prove that for every
x € M there is an integer n > 1 such that J(R)"z = 0. Here J(R) is the Jacobson
radical of R.

Exercise 2. Consider the Z-module Q/Z, and let n,p be integers such that p > 1
is prime and n > 0.
(a) Let r € Q, and let o(r) denote the order of the element r + Z € Q/Z in the
additive abelian group Q/Z. Let ¢ be a positive integer. Prove that o(r) divides
t if and only if there is an integer m such that r = m/t.
(b) Set Gpr ={r+Z € Q/Z|r € Q and o(r) | p"}, and prove that G, o C Gp1 <
Gp2 C -+ is an ascending chain of Z-submodules of Q/Z that does not stabilize.
(c) Prove that G, , is cyclic such that Annyz(G,,,) = p"Z. Conclude that G, ,, =
Z/p™Z and length,(Gp.,) = n.
(d) Set Gp oo = U2(Gyp . Prove that G, o is not noetherian as a Z-module.
e) Prove or disprove: G /Gy, is noetherian as a Z-module.
f) Let H C G, o be a proper Z-submodule of G, o,. Prove that there is an integer
i such that H = G, ;.
(g) Prove that G, is artinian as a Z-module and that Annz (G, ) = 0.
(h) Prove or disprove: Gp oo/Gp n is artinian as a Z-module.
(i) Prove that Q/Z is an injective Z-module and that Q/Z = &,G -, where the
sum is indexed by the set of primes ¢ > 1. Conclude that G}, » is an injective
Z-module. (It is a non-trivial fact that every injective Z-module is isomorphic

to a coproduct Q(*) 1111, GS,“:Q) for some index sets p, pta, fi3, ts, - - --)
(j) Prove or disprove: Q/Z is artinian as a Z-module.

(k) Prove that Gp o = p"Gp.oo, that is, that the map Gp oo - Gpoo is onto;
prove also that if n > 1, then this map is not 1-1.
(1) Prove that if ¢ > 1 is prime, then G, o ®z G400 = 0. (Hint: The case p = ¢
uses part . For the case p # ¢, use the fact that, for all positive integers a, b
we have (p?,¢%) = 1.)
(m) Prove that if ¢ > 1 is prime and p # ¢, then Homyz(G) oo, Gg,00) = 0. (It is a
non-trivial fact that Homz(Gp, o0, Gp,oc) = ZP. The proof goes something like
this: Homgz(Gp oo, Gp,oo) = HomZ(liiLnGp’i,Gp’oo) o lljin Homz(Gp i, Gp,oo) =

limZ/p"7Z = 7P.)
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Exercise 3. (a) Prove that if M is finitely generated as an R-module then there
is an integer n > 0 and an R-module monomorphism R/ Anng (M) — M™.
(b) Prove that if M is noetherian as an R-module, then R/ Anng (M) is a noether-
ian ring.
(¢) Prove or disprove: if M is artinian as an R-module, then R/ Anngp(M) is a
artinian ring.
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