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§14.8. Lagrange Multipliers.

Case 1: One constraint.

To find the maximum and minimum values of f(x,y, z) subject to the con-
straint g(x,y, z) = k:

Step 1: Find all values of x,y, z, A such that Vf(x,y,2) = AVg(z,y, z) and
g(x,y,z) = k. In other words, solve the following system of equations:

fo(,y,2) = Agu (2,9, 2)
fy(@,y,2) = Agy(@,y, 2)
fo(2,y,2) = Agz(x Y, 2)
g(w,y,2) =

Step 2: Evaluate f at all the points (x,y, z) that result from Step 1. The
largest of these values is the maximum value of f; the smallest of these
values is the minimum value of f.

Case 2: Two constraints.

To find the maximum and minimum values of f(x,y, z) subject to the con-
straints g(z,y,z) = k and h(z,y, z) =

Step 1: Find all values of z,y, z, A\, u such that Vf(x,y, z) = A\Vg(x,y,2) +
uVg(x,y,z) and g(z,y,z) = k and and h(x,y, z) = c¢. In other words, solve
the following system of equations:

fe(z,y,2) = Aga (2, Y, 2) + pha(2,y, 2)
fy(@,y,2) = Agy(2, y, 2) + phy(z,y, 2)
f2(z,y, )—Agz(x Yy, 2) + ph(2,y, 2)
g(x,y,2) =
h(z,y,z) =

Step 2: Evaluate f at all the points (x,y, z) that result from Step 1. The
largest of these values is the maximum value of f; the smallest of these
values is the minimum value of f.

§15.1. Double Integrals over Rectangles.

Let R be a rectangle in the zy-plane:

R=a,b] x [c,d] ={(z,y) |a <x <bc<y<d}



Let f be a function defined on R. Be able to approximate the double integral
[/ f(x,y) dA using the following procedure:

Step 1: Partition R into subrectangles, each of area AA = Ax - Ay where
Az = (b—a)/m and Ay = (d — ¢)/n. The values of m and n will be given.
This will yield mn rectangles R; ;.

Step 2: For each rectangle R;; choose a sample point (xjj,yf j) in R; ;. In
practice, the method for choosing sample points will be given to you. For in-
stance, you may be told to choose the upper-left corner of each subrectangle.
“Use the midpoint rule” means choose the midpoint of each subrectangle.

Step 3: Evaluate f at each sample point, multiply by AA, and add up the

results: m n
/ /R ) da~ 3N flat,u,)AA.

i=1 j=1

§15.2. Iterated Integrals.
Let R be a rectangle in the xy-plane:

R=la,b] x [c,d] ={(z,y) |a <z <bc<y<d}

Let f be a function defined on R. If f is continuous on R, then

//R flo,y)dd = /b: /yif (z,y) dy dv = /y d: b: f(z,y) dz dy.

§15.3. Double Integrals over General Regions.

Let D be a region in the zy-plane and f a function that is continuous on D.

If there are continuous functions gi(x), g2(x) such that

D={(z,y) |la<z<bgi(r) <y < gax)}

b g2(x)
// f(z,y)dA = / f(z,y)dydz.
D v=a Jy=g:(x)

If there are continuous functions hj(y), ha(y) such that

then

D={(z,y) | c<y<d hi(y) <z <hs(y)}

//D flz,y)dA = /yic /If:()y) f(z,y) dx dy.

Property: The area of D is A = [, dA.

then



§15.4. Double Integrals in Polar Coordinates.

Polar coordinates for the point (z,y) are (r,0) where z = rcosf, y = rsin#,
2?2 +y? =72 and tanf = y/z.

Given a region
D={(r6)|a<r<ba<d<pg}

if f is continuous on D, then we have
8 b
// f(:c,y)dA:/ f(rcos@,rsind)rdrdb.
D O=a Jr=a
Given a region
D={(r,0) | a<0<pB,h(0) <r<hy0)}

if f is continuous on D, then we have

B rha(0)
// f(a:,y)dA:/ / f(rcosf,rsinf)rdrd.
D 0=a Jr=h1(0)

§15.5. Applications of Double Integrals.

Consider a lamina described by the region D in the xy-plane with density
function p(z,y). The mass of the lamina is

m = //D oz, y) dA.

The moment of the lamina about the z-axis is

Mm://Dyp(w,y) dA.

The moment of the lamina about the y-axis is

M, — / /D (. y) dA.

The center of mass of the lamina is (Z,y) where Z = My/m and §y = M, /m.

815.6. Surface Area.

The area of the surface with equation z = f(z,y) where (z,y) runs through
all points in a region D in the xy-plane is

A= [[ ifa? + ) + 124




§15.7. Triple Integrals.

Let B be a rectangular box in three-space:

B =la,b] x [¢,d] x [r,s] ={(z,y,2) |a <z <bc<y<dr<z<s}

Let f be a function defined on B. If f is continuous on B, then

L[/Rjt“y””dvzﬂé a/‘cz fay, ) dzdyda
:/y C/:T . afl‘y, z)dz dz dy

If there are continuous functions g1 (x), g2(x), h1(x,y), ha(z,y) such that E =
{(z,y) la <z <bgi(z) <y < ga(), hl(ﬂﬂ y) <z < ha(z,y)} then

b g2( ha(z,y)
// f(a:,y,z)dV:/ / / f(z,y,2)dzdydux.
E r=a Jy= z=h1(z,y)

Property: The volume of F is V = [[[, dV.

Property: Given an object in space described by the region E with density
function p(z,y, z), the mass of the object is m = [[ [ p(x,y, z) dV.

§15.8. Triple Integrals in Cylindrical and Spherical Coordinates.

Cylindrical coordinates for the point (x,y, z) are (r, 6, z) where x = r cos 6,
y=rsind, v? +y?> = r? and tand = y/z. Given a region

D= {(Ta 97 Z) | 0<a<i< ﬁa hl(e) <r< h2(‘9)7u1(r> 9) <z< UQ(’P, 0)}

if f is continuous on D, then we have

// f(:c,y,z)dV:/ / / f(rcosf,rsind, z)rdzdrdf.
D 0=« Jr=h1(0) J z=u1(r,0)

Spherical coordinates for the point (z,y, z) are (p, 6, ¢) where x = psin ¢ cos 6,
y = psingsinb, z = pcos ¢, and z2 + y? + 2% = p?. Given a region

D={(p,0,¢) |la<p<ba<f<pBc<¢<d}

if f is continuous on D, then we have

[ s erav
D

d B b
= / / / f(psin¢cos b, psin ¢psin b, pcos ¢) p* sin ¢ dp df do.
cJO=a Jp=



§15.9. Changes of Variables in Multiple Integrals.

A C' transformation of the uv-plane to the xy-plane is a rule of assignment:

Input: a point (u,v)
Output: a point (x,y) where x = g(u,v) and y = h(u,v), and the functions
g and h have continuous first-order partial derivatives.
The Jacobian of the transformation is
O(x,y) |0z/ou Oz/ov
dy/ou dy/ov

gu g’U
hy  hy

= guhv - gvhu

O(u,v)

Let S be a region in the uv-plane and let R be the image of S under the
transformation. Then

J[ s@maa= [[ statwo.nwon 500

A C' transformation of uvw-space to xyz-space is a rule of assignment:

du dv.

Input: a point (u,v,w)
Output: a point (z,y,z) where x = g(u,v,w) and y = h(u,v,w) and z =
k(u,v,w), and the functions g, h, k have continuous first-order partials.

The Jacobian of the transformation is

Ox/0u Ox/Ov Jx/ow Gu Gv Gu
092 _Noyjou oyfov oyfow| = |bu ho b
(’U,,U,w 82’/8’[,[, 82/81} aZ/aw ku k'u kw

Let S be a region in wvw-space and let R be the image of S under the
transformation. Then

[/ seav

— [ #t6tu 000,10, k1) \m dudv do.

Be sure to review the sections of the text (especially the examples), your
notes, your homework, and your quizzes.

Practice Exercises:
p. 977: 59-62
pp. 1050-1051: 1-36, 38, 39, 41, 42, 47-51



