
Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalInformation?journalCode=lagb20

Download by: [47.142.133.170] Date: 09 January 2017, At: 09:29

Communications in Algebra

ISSN: 0092-7872 (Print) 1532-4125 (Online) Journal homepage: http://www.tandfonline.com/loi/lagb20

Support and adic finiteness for complexes

Sean Sather-Wagstaff & Richard Wicklein

To cite this article: Sean Sather-Wagstaff & Richard Wicklein (2017) Support and
adic finiteness for complexes, Communications in Algebra, 45:6, 2569-2592, DOI:
10.1080/00927872.2015.1087008

To link to this article:  http://dx.doi.org/10.1080/00927872.2015.1087008

Accepted author version posted online: 07
Nov 2016.
Published online: 07 Nov 2016.

Submit your article to this journal 

Article views: 22

View related articles 

View Crossmark data

http://www.tandfonline.com/action/journalInformation?journalCode=lagb20
http://www.tandfonline.com/loi/lagb20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/00927872.2015.1087008
http://dx.doi.org/10.1080/00927872.2015.1087008
http://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=lagb20&show=instructions
http://www.tandfonline.com/doi/mlt/10.1080/00927872.2015.1087008
http://www.tandfonline.com/doi/mlt/10.1080/00927872.2015.1087008
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2015.1087008&domain=pdf&date_stamp=2016-11-07
http://crossmark.crossref.org/dialog/?doi=10.1080/00927872.2015.1087008&domain=pdf&date_stamp=2016-11-07


COMMUNICATIONS IN ALGEBRA®
2017, VOL. 45, NO. 6, 2569–2592

http://dx.doi.org/10.1080/00927872.2015.1087008

Support and adic �niteness for complexes

Sean Sather-Wagsta�a and Richard Wickleinb

aDepartment of Mathematics, North Dakota State University, Fargo, North Dakota, USA; bMathematics and Physics
Department, MacMurray College, Jacksonville, Illinois, USA

ABSTRACT

Let X be a chain complex over a commutative noetherian ring R, that is, an
object in the derived categoryD(R). We investigate the small support and co-
support of X , introduced by Foxby and Benson, Iyengar, and Krause. We show

that the derived functorsM⊗L
R

− and RHomR(M,−) can detect isomorphisms
inD(R) between complexes with restrictions on their supports or co-supports.
In particular, the derived local (co)homology functors RŴa(−) and L3a(−)

with respect to an ideal a ( R have the same ability. Furthermore, we give
reprove some results of Benson, Iyengar, and Krause in our setting, with more
direct proofs. Also, we include some computations of co-supports, since this
construction is still quite mysterious. Lastly, we investigate “a-adically �nite”
R-complexes, that is, the X ∈ Db(R) that are a-co�nite à la Hartshorne. For
instance, we characterize these complexes in terms of a �niteness condition
on L3a(X).
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1. Introduction

Throughout this article, let R be a commutative noetherian ring, let a ( R be a proper ideal of R, and let
R̂a be the a-adic completion of R. We work in the derived category D(R), the objects of which are the
R-complexes, indexed homologically

X = · · · → Xi+1

∂Xi+1
−−→ Xi → · · · .

We let3a(−) denote the a-adic completion functor, and Ŵa(−) is the a-torsion functor. The associated
le�- and right-derived functors, respectively, are L3a(−) and RŴa(−). (See Section 2 for some back-
ground information on these topics.) The le�- and right-derived functors of − ⊗R − and HomR(−,−)

are denoted − ⊗L

R − and RHomR(−,−).
We investigate the small support suppR(X) of Foxby [16] and the co-support co-suppR(X) of Benson,

Iyengar, and Krause [9]; see De�nitions 3.2 and 4.1. Sections 3 and 4 contain alternate characterizations
of these subsets (see Propositions 3.6 and 4.4) and some of their basic properties.

Section 5 is devoted to some consequences of support conditions for morphisms. For instance, we
show in the next result that a restriction of the small support or co-support is strong enough to guarantee
that the derived functorsM ⊗L

R − and RHomR(M,−) can detect isomorphisms inD(R). It is contained
in Theorems 5.2 and 5.7 below. (See also Corollaries 5.3 and 5.8 for some consequences for Koszul
homology and local (co)homology.)

Theorem 1.1. Let M ∈ D(R), and let f : Y → Z be morphism inD(R) such that suppR(Y), suppR(Z) ⊆

suppR(M) or co-suppR(Y), co-suppR(Z) ⊆ suppR(M). Then the following conditions are equivalent:
(i) f is an isomorphism inD(R);
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(ii) RHomR(M, f ) is an isomorphism inD(R);
(iii) M ⊗L

R f is an isomorphism inD(R).

Also in this section, we recover (with more direct proofs) results of Benson, Iyengar, and Krause [8,
9] that use (co-)support to characterize the R-complexes X such that one of the natural morphisms
RŴa(X) → X → L3a(X) is an isomorphism. See Propositions 5.4 and 5.9 for our results and, e.g.,
[12, 33, 34, 39] for more on these complexes.

In Section 6, we give some computations of co-suppR(X), in part, because this construction is not as
well understood as suppR(X). For instance, the next result is contained in Theorems 6.6 and 6.11.

Theorem 1.2. Assume that R has a dualizing complex.

(a) For each X ∈ D
f
b(R), one has

co-suppR(X) = suppR(X)
⋂

co-suppR(R) ⊆ suppR(X).

(b) If, moreover, R is a 1-dimensional integral domain, then

co-suppR(R) =

{
m-Spec(R) if R is local and complete, and

Spec(R) otherwise.

The article concludes with Section 7, wherein we investigate “a-adically �nite” complexes; see
De�nition 7.6. This notion originateswithwork ofHartshorne [25] and continues, e.g., in [11, 25–27, 30].
To allow for some �exibility in the study of such complexes, we prove the following result in Theorem7.4.
Here L3̂a(X) is constructed like L3a(X), but considered as a functor from D(R) → D(̂Ra); see the
beginning of Section 2.

Theorem 1.3. Let X ∈ Db(R). Then the following conditions are equivalent:

(i) One has K(x) ⊗L

R X ∈ D
f
b(R) for some (equivalently for every) generating sequence x of a;

(ii) One has R/a ⊗L

R X ∈ Df(R);
(iii) One has RHomR(R/a,X) ∈ Df(R);

(iv) One has L3̂a(X) ∈ D
f
b(̂R

a).

While one may not be surprised by the equivalence of conditions (i)–(iii) in this result, we did not
expect them to be equivalent to condition (iv). Another interesting feature of this result is the use of
techniques from di�erential graded algebra in the proofs of the implications (ii) H⇒ (i) and (iii) H⇒

(i); see Propositions 7.1 and 7.2.
Lastly, it is worth noting that many of the results in this article are tools for use in the sequel, e.g., [35].

2. Background

Derived categories

Standard references on this subject include [21, 23, 37, 38].
The quantities inf(X) and sup(X) are the in�mum and supremum, respectively, of the set {i ∈ Z |

Hi(X) 6= 0}, and amp(X) := sup(X) − inf(X). Given an integer i, we let 6iX denote the ith shi� (or
suspension) of X. Isomorphisms inD(R) are identi�ed by the symbol ≃.

We let D+(R) denote the full subcategory of D(R) consisting of complexes X such that inf(X) >

−∞, that is such that Hi(X) = 0 for i ≪ 0. We let D−(R) denote the full subcategory of D(R)

consisting of complexes X such that sup(X) < ∞, that is such that Hi(X) = 0 for i ≫ 0, and set
Db(R) := D+(R)

⋂
D−(R). We let Df(R) denote the full subcategory of D(R) consisting of complexes

X such that each homology module Hi(X) is �nitely generated. For each ⋆ ∈ {+,−, b}, we setDf
⋆(R) :=

Df(R)
⋂

D⋆(R).
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An R-complex F is semi�at if the functor F ⊗R −, de�ned on the category of R-complexes, respects
injective quasi-isomorphisms. (These are the “DG-�at” complexes of [4].) A semi�at resolution of an

R-complex X is a quasiisomorphism F
≃
−→ X with F semi�at, and one de�nes L3a(X) := 3a(F) and

X ⊗L

R Y := F ⊗R Y for each R-complex Y . Every R-complex admits a semi�at resolution by [4, 1.5
and 1.6], and L3a(−) and − ⊗L

R − de�ne (bi)functors on D(R). Since the complex 3a(F) consists of

R̂a-modules and R̂a-module homomorphisms, this also de�nes a functor D(R) → D(̂Ra), which we
denote L3̂a(−), following [36]. This is well de�ned by [1, Section 1]. Moreover, if F : D(̂Ra) → D(R)

is the forgetful functor, then we have a natural isomorphism F ◦ L3̂a ≃ L3a.
An R-complex I is semi-injective if the functor HomR(−, I) converts injective quasi-isomorphisms

into surjective quasi-isomorphisms. (These are the “DG-injec-tive” complexes of [4].) A semi-injective

resolution of an R-complex X is a quasiisomorphism X
≃
−→ I with I semi-injective, and one de�nes

RŴa(X) := Ŵa(I) and RHomR(Y ,X) := HomR(Y , I) for each R-complex Y . Every R-complex admits a
semi-injective resolution by [4, 1.6] and RŴa(−) and RHomR(−,−) de�ne (bi)functors onD(R).

Derived local (co)homology

These notions originate in [23, 24] and are developed extensively, e.g., in [1, 8, 18, 22, 29].

Fact 2.1. Let X ∈ D+(R). If X ∈ Df
+(R), then there is a natural isomorphism L3a(X) ≃ R̂a ⊗L

R X
by [19, Proposition 2.7].

Let x = x1, . . . , xn be a generating sequence for a. Then RŴa(R) is isomorphic in D(R) to the Čech

complex Č(x). It follows that pdR(RŴa(R)) < ∞. Indeed, the Čech complex Č(x) is a bounded complex
of direct sums ofmodules of the formRs ∼= R[T]/(sT−1)with s ∈ R. SinceRs has a projective resolution

0 → R[T]
sT−1
−−−→ R[T] → Rs → 0,

we conclude that pdR(Rs) 6 1, hence pdR(RŴa(R)) < ∞.

Fact 2.2. By [1, (0.3)a�] and [29, Proposition 3.1.2], there are isomorphisms

RŴa(−) ≃ RŴa(R) ⊗L

R − L3a(−) ≃ RHomR(RŴa(R),−).

of functors onD(R).

Minimal injective resolutions

For a module, the notion of a minimal injective resolution is standard. For complexes, one may consult
[6, 10].

De�nition 2.3. Let X ∈ D(R). An injective resolution X
≃
−→ J is minimal if for all i the kernel of the

di�erential ∂ Ji : Ji → Ji+1 is an essential submodule of Ji.

Fact 2.4. EveryX ∈ D−(R) has aminimal injective resolutionX
≃
−→ J, and every such resolution satis�es

Ji = 0 for all i > sup(X). If S is a multiplicatively closed subset of R, then the localization S−1X
≃
−→ S−1J

is a minimal injective resolution over S−1R. Also, the inducedmorphismRŴa(X)
≃
−→ Ŵa(J) is a minimal

injective resolution over R.

3. Support

The point of this section is to investigate some useful aspects of Foxby’s notion of support for complexes
from [16]. One main result is Proposition 3.6.
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Notation 3.1. Set V(a) := {p ∈ Spec(R) | a ⊆ p}. For each p ∈ Spec(R), set κ(p) := Rp/pRp. Given a
sequence x = x1, . . . , xn ∈ R the Koszul complex on x is denoted KR(x).

De�nition 3.2. Let X ∈ D(R).
(a) The “small,” or “homological,” support of X is

suppR(X) := {p ∈ Spec(R) | κ(p) ⊗L

R X 6≃ 0}.

(b) The “large” support of X is

SuppR(X) := {p ∈ Spec(R) | Xp 6≃ 0}.

Fact 3.3. IfM is an R-module, then

suppR(M) = {p ∈ Spec(R) | TorRi (R/p,M)p 6= 0 for some i}

SuppR(M) = {p ∈ Spec(R) | Mp 6= 0}.

Fact 3.4. Let X ∈ D(R). It is straightforward to show that

suppR(X) ⊆ SuppR(X) =
⋃

i∈Z

SuppR(Hi(X)).

It takes signi�cantly more work to show that X ≃ 0 if and only if suppR(X) = ∅; see [8, 5.2, 9.2].
If X ∈ Df

+(R), then Nakayama’s Lemma implies that suppR(X) = SuppR(X). In particular, if
x = x1, . . . , xn is a generating sequence for a, then we have suppR(K

R(x)) = suppR(R/a) = V(a).

The next fact is the key to our alternate characterization of small support.

Fact 3.5 ([18, 2.1, 4.1]). Assume that (R,m, k) is local. Let x = x1, . . . , xn be a generating sequence for
m, and let X ∈ D(R). Then the following conditions are equivalent:
(i) m ∈ suppR(X), i.e., k ⊗L

R X 6≃ 0;
(ii) KR(x) ⊗L

R X 6≃ 0;
(iii) L3m(X) 6≃ 0;
(iv) RHomR(k,X) 6≃ 0;
(v) RHomR(KR(x),X) 6≃ 0;
(vi) RŴm(X) 6≃ 0.

Part of the following result is in [8, (9.2)]; see, however, [10, Remark 2.3] for some words of caution.

Proposition 3.6. Let X ∈ D(R) and p ∈ Spec(R), and let x = x1, . . . , xn be a generating sequence for p.
Then the following conditions are equivalent:
(i) p ∈ suppR(X), i.e., κ(p) ⊗L

R XX 6≃ 0;
(ii) KRp(x) ⊗L

R X 6≃ 0;
(iii) L3pRp(Xp) 6≃ 0, that is, L3p(Xp) 6≃ 0;
(iv) RHomRp(κ(p),Xp) 6≃ 0;

(v) RHomRp(KRp(x),Xp) 6≃ 0;
(vi) RŴpRp(Xp) 6≃ 0, that is, RŴp(Xp) 6≃ 0;
(vii) pRp ∈ suppRp(Xp).

Proof. By applying Fact 3.5 to the Rp-complex Xp, we see that the following complexes are simultane-
ously isomorphic to 0 inD(R):

κ(p) ⊗L

R X ≃ (κ(p) ⊗L

p Rp) ⊗L

R X ≃ κ(p) ⊗L

p Xp

KRp(x) ⊗L

R X ≃ (KRp(x) ⊗L

Rp Rp) ⊗L

R X ≃ KRp(x) ⊗L

Rp Xp
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L3pRp(Xp) ≃ L3p(Xp) RŴpRp(Xp) ≃ RŴp(Xp)

RHomRp(KRp(x),Xp) RHomRp(κ(p),Xp).

(The isomorphisms in the third line are from [34, Theorem 6.5].) This gives the equivalence of condi-
tions (i)–(vi). The equivalence of conditions (vi) and (vii) follows from a comparisonwith conditions (vi)
and (i) of Fact 3.5.

Remark 3.7. The equivalence of conditions (i) and (vi) in Proposition 3.6 show that our de�nition of
suppR(X) is equivalent to that from [8]; see [8, Theorem 9.1].

See [10, Remark 2.3] for a discussion of what goes wrong in the next result when X /∈ D−(R).

Proposition 3.8. If X ∈ D−(R) with minimal injective resolution X
≃
−→ J, then

suppR(X) =
⋃

i∈Z

{p ∈ Spec(R) | ER(R/p) is a summand of Ji}.

Proof. By [10, 2.1], it su�ces to observe that, for each p ∈ Spec(R), the complex Jp isminimal by Fact 2.4,
and Jp is “homotopically injective” since it is a bounded above complex of injectives.

Corollary 3.9. Let X ∈ D−(R) such that suppR(X) ⊆ V(a).
(a) The minimal injective resolution of X consists of a-torsion modules.
(b) Each injective resolution of X consisting of a-torsion modules is an R̂a-complex.

Proof. Let X
≃
−→ J be a minimal injective resolution.

(a) By Proposition 3.8, for each i we have Ji ∼= ⊕p∈suppR(X)ER(R/p)(µ
i
p) for some sets µi

p. Since each

p ∈ suppR(X) is in V(a), it follows that each summand ER(R/p)(µ
i
p) is a-torsion, so each Ji is a-torsion

as well.

(b) Each module Ji is a-torsion, so it is an R̂a-module by [28, Fact 2.1(a)], and each di�erential ∂ Ji is

R̂a-linear by [28, Lemma 2.2(a)].

The next few results document some basic properties of small support. Several of these are known,
see [8, Proposition 5.1 and Theorem 5.6]; however, our proofs are more direct.

Proposition 3.10. Given a distinguished triangle X → Y → Z → inD(R), one has

suppR(Y) ⊆ suppR(X)
⋃

suppR(Z).

Proof. Let p ∈ Spec(R). From the induced triangle

κ(p) ⊗L

R X → κ(p) ⊗L

R Y → κ(p) ⊗L

R Z →,

we conclude that, if p /∈ suppR(X)
⋃

suppR(Z), then p /∈ suppR(Y), as desired.

Proposition 3.11. Given a set {X(i)}i∈3 ⊆ D(R), one has

suppR

(∐

i

X(i)

)
=
⋃

i

suppR(X(i)) ⊆ suppR

(∏

i

X(i)

)
.
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Proof. Given a prime p ∈ Spec(R) and an element j ∈ 3, we have isomorphisms

κ(p) ⊗L

R

(∐

i

X(i)

)
≃
∐

i

(
κ(p) ⊗L

R X(i)
)
,

κ(p) ⊗L

R

(∏

i

X(i)

)
≃
(
κ(p) ⊗L

R X(j)
)∐


κ(p) ⊗L

R


∏

i6=j

X(i)




 .

The conclusion suppR
(∐

i X(i)
)

=
⋃

i suppR(X(i)) ⊆ suppR
(∏

i X(i)
)
follows readily by de�nition.

When X,Y ∈ D+(R), the next result is from [17, Theorem 7.1(c)].

Proposition 3.12. If X,Y ∈ D(R), then

suppR(X ⊗L

R Y) = suppR(X)
⋂

suppR(Y).

Proof. The isomorphism

κ(p) ⊗L

R (X ⊗L

R Y) ≃ (κ(p) ⊗L

R X) ⊗L

κ(p) (κ(p) ⊗L

R Y)

conspires with the Künneth formula to imply that

Hi(κ(p) ⊗L

R (X ⊗L

R Y)) ∼=
⊕

p+q=i

Hp(κ(p) ⊗L

R X) ⊗L

κ(p) Hp(κ(p) ⊗L

R Y).

From this, it follows that κ(p) ⊗L

R (X ⊗L

R Y) 6≃ 0 if and only if κ(p) ⊗L

R X 6≃ 0 and κ(p) ⊗L

R Y 6≃ 0, as
desired.

Proposition 3.13. If X ∈ D(R), then suppR(RŴa(X)) = suppR(X)
⋂

V(a). In particular, we have
suppR(RŴa(R)) = V(a).

Proof. Let R
≃
−→ I be a minimal injective resolution. It is well known that each injective hull ER(R/p)

occurs in a summand of some Ji; see also Fact 3.4 and Proposition 3.8. From the fact

Ŵa(ER(R/p)) ∼=

{
ER(R/p) if p ∈ V(a)

0 if p /∈ V(a),

we conclude that ER(R/p) occurs in a summand of someŴa(J)i if and only if p ∈ V(a). SinceRŴa(R)
≃
−→

Ŵa(J) is minimal injective resolution by Fact 2.4, we have suppR(RŴa(R)) = V(a) by Proposition 3.8.
From this, we have

suppR(RŴa(X)) = suppR(RŴa(R) ⊗L

R X

= suppR(X)
⋂

suppR(RŴa(R))

= suppR(X)
⋂

V(a)

by Fact 2.2 and Proposition 3.12.

Proposition 3.14. Let X ∈ D(R). Then the sets suppR(X) and SuppR(X) have the same minimal elements
with respect to containment, that is, we havemin(suppR(X)) = min(SuppR(X)).



COMMUNICATIONS IN ALGEBRA® 2575

Proof. For the containment min(suppR(X)) ⊇ min(SuppR(X)), �x a prime p ∈ min(SuppR(X)). It
follows that Xp 6≃ 0, so we have suppRp(Xp) 6= ∅. Thus, there is a prime q ∈ Spec(R) with q ⊆ p and

qRp ∈ suppRp(Xp). From the sequence

κ(q) ⊗L

R X ≃ κ(qRp) ⊗L

Rp Xp 6≃ 0,

it follows that q ∈ suppR(X) ⊆ SuppR(X). Since q ⊆ p, the minimality of p in SuppR(X) implies that
p = q ∈ suppR(X). From the containment suppR(X) ⊆ SuppR(X), the fact that p isminimal in SuppR(X)

implies that it is also minimal in suppR(X).
For the reverse containment, �x a prime p ∈ min(suppR(X)) ⊆ SuppR(X). Suppose that p is not

minimal in SuppR(X), so there is a prime q ∈ SuppR(X) such that q ( p. By assumption, we have
Xq 6≃ 0, so there is a prime r ∈ Spec(R) such that r ⊆ q and rq ∈ suppRq(Xq). As in the previous

paragraph, this implies that r ∈ suppR(X), so the minimality of p implies that p = r ⊆ q ( p, a
contradiction.

Proposition 3.15. Let X ∈ D(R).
(a) Then one has SuppR(X) ⊆ V(a) if and only if suppR(X) ⊆ V(a).
(b) The Zariski closures of SuppR(X) and suppR(X) are equal.

Proof. (a) The forward implication is by the containment suppR(X) ⊆ SuppR(X). For the converse,
assume that suppR(X) ⊆ V(a), and let p ∈ SuppR(X). It follows that p is contained in aminimal element
q of SuppR(X), which is in suppR(X) ⊆ V(a) by Proposition 3.14. In other words, we have a ⊆ q ⊆ p,
so p ∈ V(a).

(b) The Zariski closures SuppR(X) and suppR(X) are of the form V(b) and V(c) for some ideals

b, c ⊆ R. Thus, part (a) implies that suppR(X) and SuppR(X) are contained in each other.

The next result is dual to Proposition 3.12, with some restrictions on the complexes involved.

Proposition 3.16. If X ∈ D−(R) and M ∈ D
f
+(R), then

suppR(RHomR(M,X)) = suppR(M)
⋂

suppR(X).

Proof. Let p ∈ Spec(R). Our assumptions on X andM explain the �rst isomorphism in the sequence

RHomRp(κ(p),RHomR(M,X)p) ≃ RHomRp(κ(p),RHomRp(Mp,Xp))

≃ RHomRp(κ(p) ⊗L

Rp Mp,Xp)

≃ RHomRp(κ(p) ⊗L

κ(p) (κ(p) ⊗L

Rp Mp),Xp)

≃ RHomκ(p)(κ(p) ⊗L

Rp Mp,RHomRp(κ(p),Xp)).

The remaining isomorphisms are Hom-tensor adjointness and tensor cancellation. Since p ∈

suppR(RHomR(M,X)) if and only if RHomRp(κ(p),RHomR(M,X)p) 6≃ 0, the above isomorphisms

imply that p ∈ suppR(RHomR(M,X)) if and only ifRHomκ(p)(κ(p)⊗L

Rp
Mp,RHomRp(κ(p),Xp)) 6≃ 0.

The Künneth formula tells us that this is so if and only if κ(p) ⊗L

Rp
Mp 6≃ 0 6≃ RHomRp(κ(p),Xp), that

is, if and only if p ∈ suppR(M)
⋂

suppR(X).

4. Co-support

In this section, we study co-support for complexes à la [9]. Our main result here is Proposition 4.4. It
is worth noting that our notion of small co-support is related to minimal �at resolutions of modules
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in a manner similar to the relation between small support and minimal injective resolutions from
Proposition 3.8; see [13].

De�nition 4.1. Let X ∈ D(R).
(a) The “small” co-support of X is

co-suppR(X) = {p ∈ Spec(R) | RHomR(κ(p),X) 6≃ 0}.

(b) The “large” co-support of X is

Co-suppR(X) = {p ∈ Spec(R) | RHomR(Rp,X) 6≃ 0}.

Fact 4.2. IfM is an R-module, then

co-suppR(M) = {p ∈ Spec(R) | ExtiR(κ(p),M) 6= 0 for some i},

Co-suppR(M) = {p ∈ Spec(R) | ExtiR(Rp,M) 6= 0 for some i}.

Fact 4.3. Assume that (R,m, k) is local, and let X ∈ D(R). Then Fact 3.5. implies that m ∈ suppR(X) if
and only ifm ∈ co-suppR(X). See Proposition 4.7(b) for a signi�cant improvement on this.

Our next result is a version of Proposition 3.6 for co-support.

Proposition 4.4. Let X ∈ D(R) and p ∈ Spec(R), and let x = x1, . . . , xn be a generating sequence for p.
Then the following conditions are equivalent:
(i) κ(p) ⊗L

Rp
RHomR(Rp,X) 6≃ 0;

(ii) KRp(x) ⊗L

R RHomR(Rp,X) 6≃ 0;
(iii) L3pRp(RHomR(Rp,X) 6≃ 0, that is, L3p(RHomR(Rp,X)) 6≃ 0;
(iv) p ∈ co-suppR(X), i.e., RHomR(κ(p),X) 6≃ 0;
(v) RHomR(KRp(x),X) 6≃ 0;
(vi) RŴpRp(RHomR(Rp,X)) 6≃ 0, that is, RŴp(RHomR(Rp,X)) 6≃ 0;
(vii) pRp ∈ co-suppRp(RHomR(Rp,X)).

Proof. Apply Fact 3.5 to the Rp-complexRHomR(Rp,X) as in the proof of Proposition 3.6. For instance,
we have κ(p) ⊗L

Rp
RHomR(Rp,X) 6≃ 0 if and only if RHomRp(κ(p),RHomR(Rp,X)) 6≃ 0. In light of

the isomorphisms

0 6≃ RHomRp(κ(p),RHomR(Rp,X))

≃ RHomR(Rp ⊗L

Rp κ(p),X)

≃ RHomR(κ(p),X),

we have κ(p) ⊗L

Rp
RHomR(Rp,X) 6≃ 0 if and only if RHomR(κ(p),X) 6≃ 0.

Remark 4.5. The equivalence of conditions (iv) and (vi) in Proposition 4.4 show that our de�nition of
co-suppR(X) is equivalent to that from [9]; see [9, Remark 4.17].

Corollary 4.6. If X ∈ D(R), then co-suppR(X) ⊆ Co-suppR(X).

Proof. If p ∈ co-suppR(X), then κ(p)⊗L

Rp
RHomR(Rp,X) 6≃ 0 byProposition 4.4, soRHomR(Rp,X) 6≃ 0,

as desired.

Our next result compares to part of Fact 3.4. Note that the sets suppR(X) and co-suppR(X) have
maximal elements, since R is noetherian.
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Proposition 4.7. Let X ∈ D(R).
(a) We have co-suppR(X) = ∅ if and only if X ≃ 0.
(b) The sets suppR(X) and co-suppR(X) have the same maximal elements with respect to containment.

Proof. In view of Remark 4.5, this follows from [9, Theorems 4.5 and 4.13].

The next results are proved like Propositions 3.10–3.15. Several of these are in [9], though our proofs
are more direct.

Proposition 4.8. Given a distinguished triangle X → Y → Z → inD(R), one has

co-suppR(Y) ⊆ co-suppR(X)
⋃

co-suppR(Z).

Proposition 4.9. Given a set {X(i)}i∈3 ⊆ D(R), one has

co-suppR

(∏

i

X(i)

)
=
⋃

i

co-suppR(X(i)) ⊆ co-suppR

(∐

i

X(i)

)
.

Proposition 4.10. If X,Y ∈ D(R), then

co-suppR(RHomR(X,Y)) = suppR(X)
⋂

co-suppR(Y).

Proposition 4.11. If X ∈ D(R), then

co-suppR(L3a(N)) = co-suppR(N)
⋂

V(a).

Proposition 4.12. Let X ∈ D(R). Then the sets co-suppR(X) and Co-suppR(X) have the same minimal
elements with respect to containment, that is, we havemin(co-suppR(X)) = min(Co-suppR(X)).

Proposition 4.13. Let X ∈ D(R).
(a) Then one has Co-suppR(X) ⊆ V(a) if and only if co-suppR(X) ⊆ V(a).
(b) The Zariski closures of Co-suppR(X) and co-suppR(X) are equal.

5. Morphisms

In this section, we study some consequences of support conditions formorphisms inD(R). In particular,
we prove Theorem 1.1 from the introduction; see Theorems 5.2 and 5.7. These results are key for our
work in [35], e.g., for our version of Foxby equivalence in the adic setting.

Lemma 5.1. Let X,M ∈ D(R)with suppR(X) ⊆ suppR(M). Then the following conditions are equivalent:
(i) X ≃ 0;
(ii) RHomR(M,X) ≃ 0;
(iii) M ⊗L

R X ≃ 0.

Proof. It su�ces to prove the implications (ii) H⇒ (i) and (iii) H⇒ (i).
(iii) H⇒ (i). Proposition 3.12 explains the next sequence:

suppR(X ⊗L

R M) = suppR(X)
⋂

suppR(M) = suppR(X).

Thus, we have X ≃ 0 if and only if X ⊗L

R M ≃ 0 by Fact 3.4.
(ii) H⇒ (i). Assume that X 6≃ 0. This implies that suppR(X) 6= ∅, so let p be a maximal element

of suppR(X). It follows that p ∈ suppR(M) by assumption. Proposition 4.7(b) implies that p is in
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co-suppR(X), hence in

suppR(M) ∩ co-suppR(X) = co-suppR(RHomR(M,X)).

We conclude that suppR(RHomR(M,X)) 6= ∅, hence RHomR(M,X) 6≃ 0.

Our next result contains part of Theorem 1.1 from the introduction.

Theorem 5.2. Let M ∈ D(R), and let f : Y → Z be morphism in D(R) with suppR(Y), suppR(Z) ⊆

suppR(M). The following conditions are equivalent:
(i) f is an isomorphism inD(R);
(ii) RHomR(M, f ) is an isomorphism inD(R);
(iii) M ⊗L

R f is an isomorphism inD(R).

Proof. (i) ⇐⇒ (iii). There is a distinguished triangle

Y
f
−→ Z → X →

in D(R). The condition supp(Y), supp(Z) ⊆ suppR(M) implies that supp(X) ⊆ suppR(M). Thus, we
have X ≃ 0 if and only ifM ⊗L

R X ≃ 0 by Lemma 5.1.
Also, the above triangle gives rise to another distinguished triangle

M ⊗L

R Y
M⊗L

Rf
−−−→ M ⊗L

R Z → M ⊗L

R X →

inD(R). Themorphism f is an isomorphism inD(R) if and only ifX ≃ 0; andM⊗L

R f is an isomorphism
inD(R) if and only ifM ⊗L

R X ≃ 0. Thus, the desired equivalence follows from the previous paragraph.
(i) ⇐⇒ (ii). This is handled similarly using RHomR(M,−).

Corollary 5.3. Let f : Y → Z be morphism in D(R) with suppR(Y), suppR(Z) ⊆ V(a), and let K be the
Koszul complex on a generating sequence for a. Then the following conditions are equivalent:
(i) f is an isomorphism inD(R);
(ii) RHomR(K, F) is an isomorphism inD(R);
(iii) RHomR(R/a, f ) is an isomorphism inD(R);
(iv) L3a(f ) is an isomorphism inD(R);
(v) K ⊗L

R f is an isomorphism inD(R);
(vi) R/a ⊗L

R f is an isomorphism inD(R);
(vii) RŴa(f ) is an isomorphism inD(R).

Proof. We have suppR(K) = suppR(R/a) = suppR(RŴa(R)) = V(a) by Fact 3.4 and Proposition 3.13.
SinceRŴa(−) ≃ RŴa(R)⊗L

R− by Fact 2.2, condition (i) is equivalent to each of the conditions (ii)–(vii)
by Theorem 5.2.

Our next result recovers part of [8, Corollary 5.7(1)]. For X ∈ D−(R), it can be proved using
Proposition 3.13. See, e.g., [12, 33, 34, 39] for more on these complexes.

Proposition 5.4. Let X ∈ D(R). Then one has suppR(X) ⊆ V(a) if and only if the natural morphism
RŴa(X) → X is an isomorphism inD(R).

Proof. Assume that suppR(X) ⊆ V(a). The Corollary to [1, Theorem (0.3)*] implies that the
induced morphism RŴa(f ) : RŴa(RŴa(X)) → RŴa(X) is an isomorphism in D(R). Since we have
suppR(X), suppR(RŴa(X)) ⊆ V(a) by Proposition 3.13, we conclude from Theorem 5.2 that f is an
isomorphism.

The converse follows from Proposition 3.13.
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Proposition 5.5. Let X,Y ∈ D(R) such that suppR(X), suppR(Y) ⊆ V(a). If L3a(X) ≃ L3a(Y) in
D(R), then X ≃ Y.

Proof. By Proposition 5.4, the support conditions on X and Y explain the �rst and last isomorphisms in
the next sequence:

X ≃ RŴa(X) ≃ RŴa(L3a(X)) ≃ RŴa(L3a(Y)) ≃ RŴa(Y) ≃ Y .

The second and fourth ones are by part (iv) of the Corollary to [1, Theorem (0.3)*]. The third one is by
assumption.

The next results are versions of 5.1–5.5 for co-support, with similar proofs. Note that Theorem 5.7
contains the rest of Theorem 1.1 from the introduction.

Lemma 5.6. Let X,M ∈ D(R) with co-suppR(X) ⊆ suppR(M). Then the following conditions are
equivalent:
(i) X ≃ 0;
(ii) RHomR(M,X) ≃ 0;
(iii) M ⊗L

R X ≃ 0.

Theorem5.7. LetM ∈ D(R), and let f : Y → Z bemorphism inD(R)with co-suppR(Y), co-suppR(Z) ⊆

suppR(M). The following conditions are equivalent:
(i) f is an isomorphism inD(R);
(ii) RHomR(M, f ) is an isomorphism inD(R);
(iii) M ⊗L

R f is an isomorphism inD(R).

Corollary 5.8. Let f : Y → Z be morphism in D(R), and let K be the Koszul complex on a generating
sequence for a. Assume that co-suppR(Y), co-suppR(Z) ⊆ V(a). Then the following conditions are
equivalent:
(i) f is an isomorphism inD(R);
(ii) RHomR(K, F) is an isomorphism inD(R);
(iii) RHomR(R/a, f ) is an isomorphism inD(R);
(iv) L3a(f ) is an isomorphism inD(R);
(v) K ⊗L

R f is an isomorphism inD(R);
(vi) R/a ⊗L

R f is an isomorphism inD(R);
(vii) RŴa(f ) is an isomorphism inD(R).

Our next result recovers part of [9, Corollary 4.8]. For perspective, note that ifX is a �nitely generated
R-module, then the natural morphism X → L3a(X) is an isomorphism in D(R) if and only if X is a-
adically complete. See, e.g., [12, 33, 34, 39] for more on these complexes.

Proposition 5.9. Let X ∈ D(R). Then one has co-suppR(X) ⊆ V(a) if and only if the natural morphism
X → L3a(X) is an isomorphism inD(R).

Proposition 5.10. Let X,Y ∈ D(R) with co-suppR(X), co-suppR(Y) ⊆ V(a). If one has RŴa(X) ≃

RŴa(Y) inD(R), then X ≃ Y.

We conclude this section with other versions of 5.1–5.2, with similar proofs.

Lemma 5.11. Let X,M ∈ D(R) such that either suppR(X) ⊆ co-suppR(M) or co-suppR(X) ⊆

co-suppR(M). Then X ≃ 0 if and only if RHomR(X,M) ≃ 0.
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Theorem 5.12. Let M ∈ D(R), and let f : Y → Z be morphism in D(R) such that either
suppR(Y), suppR(Z) ⊆ co-suppR(M) or co-suppR(Y), co-suppR(Z) ⊆ co-suppR(M). Then f is an
isomorphism inD(R) if and only if RHomR(f ,M) is an isomorphism inD(R).

6. Some co-support computations

Since co-support is (to us) somewhat mysterious, we devote this section to some computations. (See
also the discussion at the end of [9, Section 4].) We begin with the co-support of Matlis duals. Recall
that an injective R-module E is faithfully injective if for all R-modules M one has M = 0 if and only if
HomR(M,E) = 0. For example, the direct sum

⊕
m ER(R/m) is faithfully injective, where the sum is

indexed over all maximal idealsm of R.

Proposition 6.1. If E is a faithfully injective R-module and X ∈ D(R), then co-suppR(E) = Spec(R) and
co-suppR(RHomR(X,E)) = suppR(X).

Proof. As E is faithfully injective, for all p ∈ Spec(R), we have RHomR(κ(p),E) 6≃ 0. Thus, the
conclusion co-suppR(E) = Spec(R) follows by de�nition. Because of this, Proposition 4.10 explains
the computation of co-suppR(RHomR(X,E)).

The next three results extend the �rst half of the previous one. Note that every injective R-module
decomposes uniquely into the form given in Proposition 6.4.

Lemma 6.2. Given a set {J(i)}i∈3 of injective R-modules, one has

co-suppR

(∐

i

J(i)

)
=
⋃

i

co-suppR(J(i)).

Proof. The containment co-suppR
(∐

i J(i)
)

⊇
⋃

i co-suppR(J(i)) is from Proposition 4.9. For the
reverse containment, note that the injective module

∐
i J(i) is a summand of

∏
i J(i). Hence, we also

have

co-suppR

(∐

i

J(i)

)
⊆ co-suppR

(∏

i

J(i)

)
=
⋃

i

co-suppR(J(i))

as desired.

Proposition 6.3. Given a prime p ∈ Spec(R), one has

co-suppR(ER(R/p)) = {q ∈ Spec(R) | q ⊆ p}.

Proof. For one containment, let q ∈ Spec(R) such that q ⊆ p. The natural map R → κ(q) factors as the
composition of the following natural maps: R → Rp → Rq → κ(q). Note that ER(R/p) = ERp(κ(p)) is
faithfully injective over Rp; hence the �rst step in the next sequence:

0 6= HomRp(κ(q),ER(R/p)) = HomR(κ(q),ER(R/p)).

The second step is a standard property of Rp-modules. It follows that we have q ∈ co-suppR(ER(R/p)),
as desired.

For the reverse containment, let q ∈ Spec(R) such that q 6⊆ p. We need to show that q /∈

co-suppR(ER(R/p)). The condition q 6⊆ p implies that Ŵq(ER(R/p)) = 0 because every element of qr p

acts as a unit on ER(R/p). The module κ(q) is q-torsion, so we have

HomR(κ(q),ER(R/p)) ∼= HomR(κ(q),Ŵq(ER(R/p))) = 0.
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Since ER(R/p) is injective, this implies that RHomR(κ(q),ER(R/p)) ≃ 0, so we have q /∈

co-suppR(ER(R/p)), as desired.

Proposition 6.4. Let I =
∐

p∈3 ER(R/p)(µp) for some index set 3 ⊂ Spec(R) and exponent sets µp 6= ∅.
Then we have

co-suppR(I) =
⋃

p∈3

co-suppR(ER(R/p)(µp)) = {q | q ⊆ p for some p ∈ 3}.

Proof. The desired equalities are consequences of the next sequence

co-suppR(I) =
⋃

p∈3

co-suppR(ER(R/p)(µp))

=
⋃

p∈3

co-suppR(ER(R/p))

= {q | q ⊆ p for some p ∈ 3},

which follow from Lemma 6.2 and Proposition 6.3.

For the next two results, recall that anR-complexC ∈ D
f
b(R) is semidualizing if the natural homothety

morphism R → RHomR(C,C) is an isomorphism in D(R). A dualizing R-complex is a semidualizing
R-complex of �nite injective dimension.

Proposition 6.5. For a semidualizing R-complex C, one has suppR(C) = Spec(R) and co-suppR(C) =

co-suppR(R).

Proof. Since C ∈ D
f
b(R), we have suppR(C) = SuppR(C) ⊆ Spec(R) by Fact 3.4. On the other hand, for

each p ∈ Spec(R), one has

0 6≃ Rp ≃ RHomR(C,C)p ≃ RHomRp(Cp,Cp).

Thus, Cp 6≃ 0 and so p ∈ SuppR(C).
With the isomorphism RHomR(C,C) ≃ R, this implies that

co-suppR(C) = Spec(R)
⋂

co-suppR(C)

= suppR(C)
⋂

co-suppR(C)

= co-suppR(RHomR(C,C))

= co-suppR(R)

by Proposition 4.10.

The next result is Theorem 1.2(1) from the introduction.

Theorem 6.6. If R has a dualizing complex, then each X ∈ D
f
b(R) has

co-suppR(X) = suppR(X)
⋂

co-suppR(R) ⊆ suppR(X).

Proof. Let D be a dualizing R-complex. As we have X ∈ D
f
b(R), Grothendieck duality implies that

RHomR(X,D) ∈ D
f
b(R) and

X ≃ RHomR(RHomR(X,D),X) (6.6.1)
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inD(R). It follows from Propositions 3.16 and 6.5 that

suppR(RHomR(X,D)) = suppR(X)
⋂

suppR(D) = suppR(X).

With Proposition 6.5, this explains the third equality in the next sequence:

co-suppR(X) = co-suppR(RHomR(RHomR(X,D),D)

= suppR(RHomR(X,D))
⋂

co-suppR(D)

= suppR(X)
⋂

co-suppR(R).

The other equalities are from the isomorphism (6.6.1) and Proposition 4.10.

Note that Proposition 6.10 shows that one can have proper containment or equality in the next result.

Theorem 6.7. For each X ∈ D
f
b(R), one has co-suppR(X) ⊆ suppR(X).

Proof. If X ≃ 0, then co-suppR(X) = ∅ = suppR(X), and we are done. So, assume that X 6≃ 0. Set
i = inf(X) and s = sup(X). Then, we have

suppR(X) = SuppR(X)

=

s⋃

j=i

SuppR(Hj(X))

=

s⋃

j=i

V(AnnR(Hj(X)))

= V




s⋂

j=i

AnnR(Hj(X))


 .

Set a =
⋂s

j=i AnnR(Hj(X)), so we have suppR(X) = V(a). Now, each module Hj(X) is annihilated

by a. In particular, each Hj(X) is a-adically complete. So the natural morphism X → L3a(X) is an
isomorphism inD(R) by [33, Theorem 1.21]. Thus, Proposition 5.9 implies that co-suppR(X) ⊆ V(a) =

suppR(X).

The next example shows that the assumption X ∈ D
f
b(R) in the previous result is essential.

Example 6.8. Assume that (R,m) is local and not artinian, and set E = ER(k). In particular, we have

suppR(E) = {m} ( Spec(R) = co-suppR(E)

by Propositions 3.8 and 6.1.

In light of Proposition 6.5 and Theorem 6.6, it is natural to ask for a characterization of co-suppR(R).
The next results with the discussion at the end of [9, Section 4] show that this is a subtle question: for
instance, we can have co-suppR(R) 6= suppR(R) or co-suppR(R) = suppR(R).

Fact 6.9 ([9, Proposition 4.19]). The following conditions are equivalent:
(i) R is a-adically complete;
(ii) co-suppR(R) ⊆ V(a);
(iii) For all X ∈ D

f
b(R), one has co-suppR(X) ⊆ V(a).
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Proposition 4.7(b) implies that max(suppR(X)) ⊆ co-suppR(X) for allX ∈ D(R). Thus, if (R,m) is local,
then the following conditions are equivalent:
(i) R ism-adically complete;
(ii) co-suppR(R) = {m};
(iii) For all 0 6≃ X ∈ D

f
b(R), one has co-suppR(X) = {m}.

Proposition 6.10. If (R,m) is a 1-dimensional local integral domain, then

co-suppR(R) =

{
{m} if R ism-adically complete, and

Spec(R) if R is notm-adically complete.

Proof. Proposition 4.7(b) implies that

{m} = m-Spec(R) ⊆ co-suppR(R) ⊆ Spec(R) = {0,m}

and Fact 6.9 says that R is m-adically complete if and only if co-suppR(R) = {m}. This provides the
desired conclusion.

The next result is Theorem 1.2(b) from the introduction. It applies, for instance, to any polynomial
ring in one variable over a �eld and its localizations.

Theorem 6.11. If R is a 1-dimensional integral domain and if R has a dualizing complex, then

co-suppR(R) =

{
m-Spec(R) if R is local and complete, and

Spec(R) otherwise.

Proof. If R is local, then we are done by Proposition 6.10. So, we assume for the rest of the proof that R
is not local. Let Q = κ(0) denote the �eld of fractions of R, and let D be a dualizing R-complex. Shi� D
if necessary to assume that its minimal injective resolution has the form

0 → Q
∂
−→ E → 0,

where E :=
⊕

m ER(R/m); here the direct sum is taken over all m ∈ m-Spec(R), and the complex is
concentrated in degrees 0 and −1. Proposition 6.5 shows that it su�ces to show that co-suppR(D) =

Spec(R).
Since suppR(D) = Spec(R), Proposition 4.7(b) implies that

m-Spec(R) ⊆ co-suppR(D) ⊆ Spec(R) = m-Spec(R)
⋃

{0}.

Thus, it su�ces to show that 0 ∈ co-suppR(D). By Proposition 4.12, it su�ces to show that 0 ∈

Co-suppR(D), that is, that RHomR(Q,D) 6≃ 0. We accomplish this by showing that Ext1R(Q,D) 6= 0.
Using the injective resolution ofD from the beginning of this proof, we see that Ext1R(Q,D) is the cokernel
of the following Q-linear map:

HomR(Q,Q)︸ ︷︷ ︸
∼=Q

HomR(Q,∂)
−−−−−−→ HomR(Q,E).

To show that this cokernel is nonzero, it su�ces to show rankQ(HomR(Q,E)) > 2.
To this end, Proposition 6.4 implies that, for eachm ∈ m-Spec(R), we have 0 ∈ co-suppR(ER(R/m)).

This means that

HomR(Q,ER(R/m)) = HomR(κ(0),ER(R/m)) 6= 0.
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Since R is not local, we can write E ∼= ER(R/m1)
⊕

ER(R/m2)
⊕

E′, wherem1,m2 are distinct maximal
ideals. It follows that

rankQ(HomR(Q,E)) >

2∑

i=1

rankQ(Homp(Q,ER(R/mi))) > 2

by the previous display.

Remark 6.12. Let C(R) denote the set of ideals a ( R such that R is a-adically complete. Since R is
0-adically complete, this is a nonempty set of ideals of R, so the noetherian property implies that C(R)

has maximal elements. If R is a-adically complete and b-adically complete, then it is also (a+b)-adically
complete; so C(R) has a unique maximal element, that we denote c(R). Since R is also rad(c(R))-adically
complete, the maximality of c(R) implies that c(R) is a radical ideal.

Question 6.13. With the above notation, must we have co-suppR(R) = V(c(R))?

Remark 6.14. Fact 6.9 implies that co-suppR(R) ⊆ V(c(R)).
Question 6.13 has an a�rmative answer for 1-dimensional local domains (where we have c(R) = 0

or c(R) = m) by Proposition 6.10. Fact 6.9 shows the same for complete local rings (where c(R) = m).
Theorem 6.11 does the same for 1-dimensional domains with dualizing complexes, as follows.

The local case is already established, so assume that R is not local. Then it su�ces to show that c(R) =

0, that is, thatR is not a-adically complete for any a 6= 0. Suppose that a 6= 0 andR is a-adically complete.
It follows that a is contained in the Jacobson radical J(R). SinceR is a 1-dimensional domain, the nonzero
ideal a has a primary decomposition a =

⋂n
i=1 qi such that each rad(qi) is maximal. It follows that

m-Spec(R) = {rad(q1), . . . , rad(qn)} and that R is complete with respect to J(R). This implies that R is a
product of complete local rings. However, the fact that R is a domain implies that it does not decompose
as a nontrivial product. Hence, R is a complete local ring, contradicting the assumption that R is not
local.

On the subject of products, we have the following. It shows that Question 6.13 has an a�rmative
answer for a product R = A × B if and only if it has an a�rmative answer for the factors A and B. A
simple induction argument extends this to �nite products, thus reducing the question to the case of rings
that do not admit nontrivial product decompositions.

Proposition 6.15. Let A and B be nonzero commutative noetherian rings, and set R = A × B.
(a) One has c(R) = c(A) ⊕ c(B).
(b) Identifying Spec(R) with the disjoint union Spec(A)

⊔
Spec(B), one has an equality co-suppR(R) =

co-suppA(A)
⊔

co-suppB(B).
(c) One has co-suppR(R) = V(c(R)) if and only if co-suppA(A) = V(c(A)) and co-suppB(B) = V(c(B)).

Proof. The ideals of R are of the form I ⊕ J for ideals I ⊆ A and J ⊆ B. It is straightforward to show that
R is (I ⊕ J)-adically complete if and only if A is I-adically complete and B is J-adically complete. This
explains part (a).

The prime ideals ofR are of the formP⊕B andA⊕Q for primesP ⊂ A andQ ⊂ B. It is straightforward
to show that κ(P ⊕ B) ∼= κ(P) and

RHomR(κ(P ⊕ B),R) ≃ RHomA(κ(P),A).

Thus, we have P ⊕ B ∈ co-suppR(R) if and only if P ∈ co-suppA(A), and similarly for A ⊕ Q. This
explains part (b).

Lastly, part (c) follows from parts (a) and (b).



COMMUNICATIONS IN ALGEBRA® 2585

Weclose this sectionwith a �agrant display of how littlewe understand aboutQuestion 6.13 and about
co-suppR(R) in general. Note that for the rings in this question, a straightforward cardinality argument
shows that c(R) = 0.

Question 6.16. Let k be a �eld, and let R be the polynomial ring k[X,Y] or the localized polynomial ring
k[X,Y](X,Y), with �eld of fractions Q. Do we have co-suppR(R) = Spec(R)? In particular, do we have
0 ∈ co-suppR(R), that is, do we have RHomR(Q,R) 6≃ 0?

7. Adic �niteness

The main result of this section is Theorem 7.4, i.e., Theorem 1.3 from the introduction. We begin with
versions for half-bounded complexes in Propositions 7.1 and 7.2. It should be noted that, in 7.2, the
equivalence of conditions (i) and (iii)–(vi) is in [27, Claim 1].However, our proof is signi�cantly di�erent
in a key way: instead of using spectral sequences, we use a small amount of technology from di�erential
graded (DG) homological algebra.

Let x = x1, . . . , xn ∈ R. The Koszul complex K = KR(x) has the structure of a positively graded,
commutative DG R-algebra. As with R-complexes, we index DGK-modules homologically, and−⊗L

K −

and RHomK(−,−) are the derived functors of − ⊗K − and HomK(−,−). References on DG algebras
and DG modules include [2, 3, 5–7, 14, 20, 31, 32]. We most closely follow the conventions from [31].

Proposition 7.1. Let X ∈ D+(R). Then the following conditions are equivalent:
(i) One has (R/a) ⊗L

R X ∈ Df(R);
(ii) One has (R/b) ⊗L

R X ∈ Df(R) for all ideals b ⊇ a;
(iii) One has (R/p) ⊗L

R X ∈ Df(R) for all prime ideals p ∈ V(a);
(iv) One has N ⊗L

R X ∈ Df(R) for all �nitely generated R-modules N such that SuppR(N) ⊆ V(a);
(v) One has (R/rad(a)) ⊗L

R X ∈ Df(R);

(vi) One has Y ⊗L

R X ∈ Df(R) for all Y ∈ D
f
b(R) with SuppR(Y) ⊆ V(a);

(vii) One has KR(x) ⊗L

R X ∈ Df(R) for some (equivalently, for every) generating sequence x of a.

Proof. (i) H⇒ (ii). Consider the following commutative diagram of ring epimomorphisms:

R //

  B
B

B

B

B

B

B

B

R/a

��

R/b.

By assumption, we have (R/a) ⊗L

R X ∈ Df
+(R), so (R/a) ⊗L

R X ∈ Df
+(R/a). Using a degree-wise �nite

free resolution F of (R/a)⊗L

RX over R/a, we see that (R/b)⊗L

RX ≃ (R/b)⊗L

R/a (R/a ⊗L

R X) ∈ Df(R/b),

so (R/b) ⊗L

R X is inDf(R).
(ii) H⇒ (iii). Trivial.
(iii) H⇒ (iv). Assume that N is �nitely generated with SuppR(N) ⊆ V(a). Then there is a prime

�ltration 0 = N0 ⊆ N1 ⊆ · · · ⊆ Nt = N such that Ni/Ni−1
∼= R/pi and pi ∈ SuppN ⊆ V(a) for

i = 1, . . . , t. We argue by induction on t.
Base case: t = 1. ThenN ∼= N1/N0

∼= R/p, where a ⊆ p. Then by assumptionN⊗L

RX ≃ (R/p)⊗L

RX ∈

Df(R).
Induction step. Assume that N ⊗L

R X ∈ Df(R) for all �nitely generated R-modules N with
SuppR(N) ⊆ V(a) having a prime �ltration of length t − 1. Let N have a prime �ltration
0 = N0 ⊆ N1 ⊆ · · · ⊆ Nt = N. Consider the short exact sequence 0 → Nt−1 → N → N/Nt−1 → 0.
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Applying − ⊗L

R X, we obtain the following distinguished triangle inD(R):

Nt−1 ⊗L

R X → N ⊗L

R X → (N/Nt−1) ⊗L

R X → .

By the induction hypothesis and base case, we haveNm−1⊗
L

RX and (N/Nm−1)⊗
L

RX inDf(R). Therefore,

a long exact sequence argument shows that N ⊗L

R X ∈ Df(R).
(iv) H⇒ (v). Trivial.
(v) H⇒ (iii). This follows from the implication (i) H⇒ (iii) (applied to the ideal rad(a)) since

V(a) = V(rad(a)).
(iv) H⇒ (vi). Assume that Y ∈ D

f
b(R) with SuppR(Y) ⊆ V(a). Then we have SuppR(Hi(Y)) ⊆

V(a). By assumption, each module Hi(Y) is �nitely generated, so we have Hi(Y) ⊗L

R X ∈ Df(R) for all i.
We proceed by induction on amp(Y).

Base case: amp(Y) = 0. Then Y has one nonzero homology module, so we have Y ≃ 6iHi(Y) for
some i. It follows that Y ⊗L

R X ≃ 6iHi(Y) ⊗L

R X ∈ Df(R) by the previous paragraph.

Induction step: Assume that for all Y ′ ∈ D
f
b(R) such that amp(Y ′) < amp(Y) and SuppR(Y

′) ⊆ V(a)

we have Y ⊗L

RX ∈ Df(R). Let s = sup(Y). From a “so� truncation” of Y , there is a distinguished triangle

6sHs(Y) → Y → Y ′′ →

in D(R) such that the induced map Hi(Y) → Hi(Y ′′) is an isomorphism for all i < s and Hi(Y ′′) = 0
for all i > s. Thus, the induction hypothesis applies to Y ′′ and the base case applies for 6sHs(Y), so we
have Y ′′ ⊗L

R YX,6
sHs(Y)⊗L

R X ∈ Df(R). A long exact sequence argument yields the desired conclusion

Y ⊗L

R X ∈ Df(R).
(vi) H⇒ (vii). Condition (v) is the special case X = KR(x) of (iv).
(vii) H⇒ (i). Set K = KR(x), and consider the following commutative diagram of morphisms of

DG R-algebras:

R //

!!B
B

B

B

B

B

B

B

K

��

R/a.

Since K ⊗L

R X ∈ Df(R), we have K ⊗L

R X ∈ Df(K). Using a degree-wise �nite semifree resolution of
K ⊗L

R X over K, we conclude the complex

(R/a) ⊗K X ≃ (R/a) ⊗L

K (K ⊗L

R X) ∈ D
f(R/a),

so we have (R/a) ⊗K X ∈ Df(R) as well.

The next result is proved like Proposition 7.1, using the functor RHomR(−,X) in place of − ⊗L

R X.

Proposition 7.2. Let X ∈ D−(R). Then the following conditions are equivalent:
(i) One has RHomR(R/a,X) ∈ Df(R);
(ii) One has RHomR(R/b,X) ∈ Df(R) for all ideals b ⊇ a;
(iii) One has RHomR(R/p,X) ∈ Df(R) for all prime ideals p ∈ V(a);
(iv) One hasRHomR(N,X) ∈ Df(R) for all �nitely generated R-modulesN such that SuppR(N) ⊆ V(a);
(v) One has RHomR(R/rad(a),X) ∈ Df(R);

(vi) One has RHomR(Y ,X) ∈ Df(R) for all Y ∈ D
f
b(R) with SuppR(Y) ⊆ V(a);

(vii) One has RHomR(KR(x),X) ∈ Df(R) for some (equivalently, for every) generating sequence x of a.

Remark 7.3. In the previous result, the self-dual nature of the Koszul complex K implies that condi-
tion (vii) is equivalent to the following condition:
(vii’) One has KR(x) ⊗L

R X ∈ Df(R) for some (equivalently, for every) generating sequence x of a.

The following result is Theorem 1.3 from the introduction.
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Theorem 7.4. Let X ∈ Db(R). Then the following conditions are equivalent:

(i) One has K(x) ⊗L

R X ∈ D
f
b(R) for some (equivalently for every) generating sequence x of a;

(ii) One has R/a ⊗L

R X ∈ Df(R);
(iii) One has RHomR(R/a,X) ∈ Df(R);

(vi) One has L3̂a(X) ∈ D
f
b(̂R

a).

Proof. Since X ∈ Db(R), we have KR(x) ⊗L

R X ∈ Db(R), as well. Thus, the equivalence of conditions
(i)–(iii) is from Propositions 7.1 and 7.2.

In preparation for the rest of the proof, we note that L3a(X) ∈ Db(R). Indeed, we have X ∈ Db(R)

by assumption, and L3a(X) ≃ RHomR(RŴa(R),X), so it su�ces to recall that Fact 2.1 implies that
RŴa(R) has �nite projective dimension over R. Since the homology modules of L3a(X) and L3̂a(X)

are isomorphic, it follows thatL3̂a(X) is inDf
b(̂R

a) if and only if it is inDf(̂Ra). Furthermore, the natural

morphism L3̂a(X) → L3̂a(L3a(X)) is an isomorphism in D(̂Ra) by part (ii) of the corollary to [1,
Theorem (0.3)*]. In the notation of [33], this means that L3a(X) ∈ D(ModR)ba−com. Next, [36, Lemma
2.5] provides the following isomorphism over R̂a/aR̂a ∼= R/a, hence, over R and R̂a:

RHomR(R/a,X) ≃ RHomR̂a (̂Ra/aR̂a, L3̂a(X)).

(iii) ⇐⇒ (iv). From the above isomorphism, we know that RHomR(R/a,X) ∈ Df(R) if
and only if RHomR̂a (̂Ra/aR̂a, L3̂a(X)) ∈ Df(R). As the homology modules of this complex are

annihilated by a, it is in Df(R) if and only if it is in Df(̂Ra). We conclude from [33, Lemma 3.8]
that RHomR̂a (̂Ra/aR̂a, L3̂a(X)) ∈ Df(̂Ra) if and only if L3̂a(X) ∈ Df(̂Ra), i.e., if and only if

L3̂a(X) ∈ D
f
b(̂R

a), as desired.

Remark 7.5. For X ∈ Db(R), the equivalent conditions in Theorem 7.4 are equivalent to the conditions
in Propositions 7.1 and 7.2; see the �rst paragraph of the proof of the theorem. We resist the temptation
to list these conditions explicitly. On the other hand, it is worth noting that the same reasoning shows
that these conditions are also equivalent to the following statements:
(i) One has L3̂b(X) ∈ D

f
b(̂R

b) for all ideals b ⊇ a;

(ii) One has L3̂p(X) ∈ D
f
b(̂R

p) for all prime ideals pV(a).

We are now prepared to de�ne a-adic �niteness.

De�nition 7.6. A complex X ∈ Db(R) is a-adically �nite if it satis�es the equivalent conditions of
Theorem 7.4 and suppR(X) ⊆ V(a). Let Ca(R) denote the full subcategory of D(R) consisting of a-
adically �nite R-complexes.

Remark 7.7. Note that, in the previous de�nition, the condition suppR(X) ⊆ V(a) is equivalent to
SuppR(X) ⊆ V(a) by Proposition 3.15(a). In other words, this is equivalent to suppR(Hi(X)) ⊆ V(a)

for all i. Thus, X is a-adically �nite if and only if it is in Db(R) and a-co�nite, in the language of [25];
see [25, Theorem 5.1].

Proposition 7.8. Let X ∈ Db(R).

(a) Then X is 0-adically �nite if and only if X ∈ D
f
b(R).

(b) Assume that (R,m, k) is local. Then X is m-adically �nite if and only if each homology module Hi(X)

is artinian.

Proof.
(a) This follows by de�nition, due to the isomorphism RHomR(R/(0),X) ≃ X and the equality

V(0) = Spec(R).
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(b) For one implication, assume that each Hi(X) is artinian. It follows that for each prime ideal
p 6= m, we have Hi(X)p = 0, and hence Xp ≃ 0. In other words, we have SuppR(X) ⊆ V(m). By
Proposition 3.15(a), this implies that suppR(X) ⊆ V(m). Furthermore, we have Hi(X) ⊆ E(µi) for some
integer µi where E = ER(k). From the construction of injective resolutions, say in [15, 2.6.I], it follows

that there is an injective resolution X
≃
−→ I such that each Ij is of the form E(λj) for some integer λj. From

this, we conclude that the complexRHomR(k,X) ≃ HomR(k, I) is a bounded above complex ofmodules
of the form HomR(k, Ij) ∼= HomR(k,E(λj)) ∼= k(λj). In particular, each module Hi(RHomR(k,X)) is a
�nite dimensional vector space over k, so X ism-adically �nite.

For the converse, assume thatX ism-adically �nite. The condition suppR(X) ⊆ V(m) implies that the

minimal injective resolution X
≃
−→ J consists of direct sums of copies of E by Proposition 3.8. Moreover,

we have Ji ∼= E(µi) for each i ∈ Z, whereµi = rankk(Hi(RHomR(k,X))) < ∞; the �niteness is from the
adic �niteness assumption on X. Hence, X is isomorphic in D(R) to a complex of artinian R-modules,
and it follows that each of its homology modules is artinian, as desired.

Proposition 7.9. The category Ca(R) is triangulated and thick.

Proof. Let K denote the Koszul complex over R on a �nite generating sequence for a. By de�nition, this
follows from the next straightforward facts:

1. For eachX ∈ Db(R) and each i ∈ Z, the complexX is a-adically �nite if and only if6iX is a-adically
�nite.

2. Given a distinguished triangle X → Y → Z → in D(R), if two of the three complexes X,Y ,Z are
a-adically �nite, then so is the third.

3. For all X,Y ∈ Db(R), the direct sum X ⊕ Y is a-adically �nite if and only if X and Y are both
a-adically �nite.

Theorem 7.10. Let X be an a-adically �nite R-complex. If b is an ideal of R such that a ⊆ b, then RŴX(b)
is b-adically �nite.

Proof. Note that we have supp(RŴX(b)) ⊆ V(b) by Proposition 3.13. Since X is a-adically �nite, the
complexRHomR(R/a,X) is inDf(R), so Proposition 7.2 implies thatRHomR(R/b,X) ∈ Df(R).The fact
that R/b is b-torsion implies that

RHomR(R/b,X) ≃ RHomR(R/b,RŴb(X))

inD(R). Hence, the R-complex RHomR(R/b,RŴb(X)) is inDf(R), so RŴb(X) is b-adically �nite.

We next provide an indication of how adic �niteness can give variations on previous results. For
instance, the next result compares to part of Fact 3.4.

Theorem 7.11. Let M ∈ Db(R) be a-adically �nite. Then one has suppR(M) = SuppR(M), and this set is
Zariski-closed in Spec(R).

Proof. Let K be the Koszul complex over R on a generating sequence for a. SinceM is a-adically �nite,
we have K ⊗L

R M ∈ D
f
b(R), so the �rst equality in the next sequence is by Fact 3.4:

SuppR(K ⊗L

R M) = suppR(K ⊗L

R M) = suppR(K)
⋂

suppR(M) = suppR(M)

The second equality is from Proposition 3.12, and the third equality follows from the conditions
suppR(K) = V(a) ⊇ suppR(M); see Fact 3.4. Note that the condition K ⊗L

R M ∈ D
f
b(R) implies that
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SuppR(K ⊗L

R M) = suppR(M) is Zariski-closed in Spec(R); see Fact 3.4. From this, we have

suppR(M) = suppR(M) ⊆ SuppR(M) ⊆ SuppR(M) = suppR(M)

by Fact 3.4 and Proposition 3.15(b).

The next result compares to Propositions 3.12, 3.16, and 4.10.

Theorem 7.12. If X,M ∈ D−(R) such that M is a-adically �nite, then

suppR(RHomR(M,X))
⋂

V(a) = suppR(M)
⋂

suppR(X).

Proof. Let x = x1, . . . , xn be a generating sequence for a, and set K := KR(x). By assumption, the
complex K ⊗L

R M is inD
f
b(R), so Proposition 3.16 explains the fourth equality in the next sequence:

suppR(RHomR(M,X))
⋂

V(a) = suppR(K ⊗L

R RHomR(M,X))

= suppR(RHomR(K,RHomR(M,X)))

= suppR(RHomR(K ⊗L

R M,X))

= suppR(K ⊗L

R M)
⋂

suppR(X)

= suppR(K)
⋂

suppR(M)
⋂

suppR(X)

= suppR(M)
⋂

suppR(X).

The �rst and ��h equalities are by Proposition 3.12; this uses the following conditions suppR(M) ⊆

V(a) = suppR(K), which also explain the last equality (see Fact 3.4). The second equality follows from
the self-dual nature of theKoszul complexwhichmanifests as the �rst isomorphism in the next sequence.

K ⊗L

R RHomR(M,X) ≃ 6n
RHomR(K,RHomR(M,X))

The remaining equality is from Hom-tensor adjointness.

The next result augments [8, Corollary 5.8].

Corollary 7.13. Let X ∈ D−(R), and letM ∈ Db(R) be a-adically �nite. Then one hasRHomR(M,X) ≃ 0
if and only if suppR(M)

⋂
suppR(X) = ∅.

Proof. For one implication, assume that suppR(M)
⋂

suppR(X) = ∅. Theorem 7.11 implies that

suppR(M) is Zariski-closed, so we have suppR(M)
⋂

suppR(X) = ∅. The desired conclusion
RHomR(M,X) ≃ 0 now follows from [8, Corollary 5.8].

For the converse, if RHomR(M,X) ≃ 0, then Theorem 7.12 implies that

suppR(M)
⋂

suppR(X) = suppR(RHomR(M,X))
⋂

V(a) = ∅

as desired.

Compare the next result to Propositions 3.13 and 4.11.

Corollary 7.14. LetX ∈ D−(R). Then one has

suppR(L3a(X))
⋂

V(a) = V(a)
⋂

suppR(X).

Furthermore, we have L3a(X) ≃ 0 if and only if V(a)
⋂

suppR(X) = ∅.
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Proof. The complexM = RŴa(R) is a-adically �nite by Theorem 7.10, so Theorem 7.12 implies that

suppR(L3a(X))
⋂

V(a) = suppR(RHomR(RŴa(R),X))
⋂

V(a)

= suppR(RŴa(R))
⋂

suppR(X)

= V(a)
⋂

suppR(X)

by Fact 2.2 and Proposition 3.13.
From the isomorphism L3a(X) ≃ RHomR(RŴa(R),X), Corollary 7.13 implies that L3a(X) ≃ 0

if and only if suppR(RŴa(R))
⋂

suppR(X) = ∅, that is, if and only if V(a)
⋂

suppR(X) = ∅, by
Proposition 3.13.

Next, we give some examples to show that not every result for complexes in D
f
b(R) extends

to the a-adically �nite situation. The �rst one shows that one can have suppR(RHomR(M,X)) 6=

suppR(M)
⋂

suppR(X) in Theorem 7.12, even if R is a-adically complete.

Example 7.15. Let (R,m, k) be a local ring, and setE = ER(k). ThenE ism-co�nite by Proposition 7.8(b).
However, one has RHomR(E,E) ≃ R̂m, so

suppR(RHomR(E,E)) = suppR(̂R
m) = Spec(R)

suppR(E)
⋂

suppR(E) = {m}.

See Proposition 3.8. If R is not artinian, then we have Spec(R) 6= {m}, so suppR(RHomR(E,E)) 6=

suppR(E)
⋂

suppR(E).

IfM ∈ D
f
b(R) and X,Y ∈ Db(R), then the evaluation morphisms

RHomR(M,Y) ⊗L

R X → RHomR(M,Y ⊗L

R X),

M ⊗L

R RHomR(Y ,X) → RHomR(RHomR(M,Y),X)

are isomorphisms under certain hypotheses, e.g., whenM,X,Y all have �nite projective dimension and
�nite injective dimension. The next example shows that this fails whenM is only assumed to be a-adicaly
�nite, even when R is a-adically complete.

Example 7.16. Let k be a �eld, and consider the formal power series ring R = k[[T]]with E = ER(k) and
Q = ER(R) (Note that Q is the quotient �eld k((T)) of R.) Proposition 3.8 implies that suppR(E) = {m}

and suppR(Q) = {0}, so we have E ⊗L

R Q = 0 by Proposition 3.12.
From the minimal injective resolution of R

0 → R → Q → E → 0,

we have a distinguished triangleR → Q → E → inD(R). Apply E⊗L

R− to obtain the next distinguished
triangle:

E ⊗L

R R︸ ︷︷ ︸
≃E

→ E ⊗L

R Q︸ ︷︷ ︸
≃0

→ E ⊗L

R E → .

It follows that E ⊗L

R E ≃ 6E. A similar computation shows RHomR(E,R) ≃ 6−1R.
To �nish the example, we compute

RHomR(E,E) ⊗L

R E ≃ R ⊗L

R E ≃ E

RHomR(E,E ⊗L

R E) ≃ RHomR(E,6E) ≃ 6RHomR(E,E) ≃ 6R

E ⊗L

R RHomR(E,R) ≃ E ⊗L

R (6−1R) ≃ 6−1E

RHomR(RHomR(E,E),R) ≃ RHomR(R,R) ≃ R.
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Looking at the degrees of these complexes, it is clear that RHomR(E,E)⊗L

R E 6≃ RHomR(E,E⊗L

R E) and
E ⊗L

R RHomR(E,R) 6≃ RHomR(RHomR(E,E),R).

We end this article with a criterion for an a-adically �nite R-complex to satisfy the condition
suppR(M) = V(a). It is key for some of our work in [35].

Proposition 7.17. If M ∈ D(R) is a-adically �nite such that RHomR(M,M) ≃ R̂a, then suppR(M) =

V(a).

Proof. The containment suppR(M) ⊆ V(a) holds by de�nition. The reverse containment comes from
the next sequence, wherein the second step is fromTheorem7.12 and the ��h step is fromCorollary 7.14:

suppR(M) ⊇ suppR(M) ∩ V(a)

= suppR(M) ∩ suppR(M) ∩ V(a)

= suppR(RHomR(M,M)) ∩ V(a)

= suppR(̂R
a) ∩ V(a)

= suppR(R) ∩ V(a)

= V(a).

The other steps are straightforward or by de�nition.
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